Abstract. We answer a question of Celikbas, Dao, and Takahashi by establishing the following characterization of Gorenstein rings: a commutative noetherian local ring (R, m) is Gorenstein if and only if it admits an integrally closed m-primary ideal of finite Gorenstein dimension. This is accomplished through a detailed study of certain test complexes. Along the way we construct such a test complex that detect finiteness of Gorenstein dimension, but not that of projective dimension.
Introduction
Throughout this paper R denotes a commutative noetherian local ring with unique maximal ideal m and residue field k.
A celebrated theorem of Auslander, Buchsbaum, and Serre [3, 31] tells us that R is regular if and only if k has finite projective dimension. Burch [8, p. 947 , Corollary 3] extended this by proving that R is regular if and only if pd(R/I) < ∞ for some integrally closed m-primary ideal I of R.
Auslander and Bridger [1, 2] introduced the G-dimension as a generalization of projective dimension. (See 2.3 for the definition.) Analogous to the regular setting, the finiteness of G-dim R (k) characterizes the Gorensteinness of R. In our local setting, Goto and Hayasaka [21] studied Gorenstein dimension of integrally closed m-primary ideals and, analogous to Burch's result, established the following; see the question of K. Yoshida stated in the discussion following [21, (1.1)].
([21, (1.1)])
. Let I be an integrally closed m-primary ideal of R. Assume I contains a non-zerodivisor of R, or R satisfies Serre's condition (S 1 ). Then R is Gorenstein if and only if G-dim R (R/I) < ∞.
Our aim in this paper is to remove the hypothesis "I contains a non-zerodivisor of R, or R satisfies Serre's condition (S 1 )" from 1.1. We accomplish this in the following result and hence obtain a complete generalization of Burch's aforementioned result; see also Corollary 4.7 for a further generalization.
Theorem 4.8. Let I ⊆ R be an integrally closed ideal with depth(R/I) = 0, e.g., such that I is m-primary. Then R is Gorenstein if and only if G-dim R (R/I) < ∞.
Our argument is quite different from that of Goto and Hayasaka [21] since it uses G-dim-test complexes. For this part of the introduction, we focus on the case of H-dim-test modules, defined next. Note that the pd-test modules (i.e., the case where H-dim = pd) are from [9] . Definition 1.2. Let H-dim denote either projective dimension pd or G-dimension G-dim. Let M be a finitely generated R-module. Then M is an H-dim-test module over R if the following condition holds for all finitely generated R-modules N : If Tor R i (M, N ) = 0 for all i ≫ 0, then H-dim R (N ) < ∞. It is straightforward to show that if M is a pd-test R-module, then it is also G-dim-test. Example 3.12 shows that the converse of this statement fails in general.
As part of our proof of Theorem 4.8, we also answer the following questions; see Corollaries 3.9(c) and 3.10. Affirmative answers to Question 1.3(b) under additional hypotheses are in [9, (1. 3)] and [10, (2.15) ]. Also, Majadas [27] gives an affirmative answer to a version of Question 1.3(a) that uses a more restrictive version of test modules.
Theorem 4.8 follows from the next, significantly stronger result.
In turn, this follows from the much more general Theorem 4.1 and Corollary 4.2, which are results for detecting dualizing complexes.
We conclude this introduction by summarizing the contents of this paper. Section 2 consists of background material for use throughout the paper, and contains some technical lemmas for later use. In Section 3, we develop foundational properties of various H-dim-test objects, and answer Question 1.3. And Section 4 contains the theorems highlighted above.
Derived Categories and Semidualizing Complexes
2.1. Throughout this paper we work in the derived category D(R) whose objects are the chain complexes of R-modules, i.e., the R-complexes X with homological differential ∂ X i : X i → X i−1 . References for this include [12, 22, 34, 35] . Our notation is consistent with [11] . In particular, RHom R (X, Y ) and X ⊗ L R Y are the derived Hom-complex and derived tensor product of two R-complexes X and Y . Isomorphisms in D(R) are identified by the symbol ≃. The projective dimension and flat dimension of an R-complex X ∈ D b (R) are denoted pd R (X) and fd R (X).
The subcategory of D(R) consisting of homologically bounded R-complexes (i.e., complexes X such that H i (X) = 0 for |i| ≫ 0) is D b (R). The subcategory of D(R) consisting of homologically finite R-complexes (i.e., complexes X such that H(X) := ⊕ i∈Z H i (X) is finitely generated) is denoted D f b (R).
2.2.
A homologically finite R-complex C is semidualzing if the natural morphism R → RHom R (C, C) in D(R) is an isomorphism. For example, an R-module is semidualizing if and only if Hom R (C, C) ∼ = R and Ext i R (C, C) = 0 for i 1. In particular, R is a semidualizing R-module. A dualizing R-complex is a semidualizing R-complex of finite injective dimension.
2.2.1.
If R is a homomorphic image of a local Gorenstein ring Q, then R has a dualizing complex, by [22, V.10] . (The converse holds by work of Kawasaki [26] .) In particular, the Cohen Structure Theorem shows that the completion R has a dualizing complex. When R has a dualizing complex D, and C is a semidualizing R-complex, the dual RHom R (C, D) is also semidualizing over R, by [11, (2.12) ].
2.2.2.
Let ϕ : R → S be a flat local ring homomorphism, and let C be a semidualizing R-complex. Then the S-complex S ⊗ L R C is semidualizing, by [11, (5.6) ]. Assume that the closed fibre S/mS is Gorenstein and D R is dualizing for R.
Dualizing complexes were introduced by Grothendieck and Harshorne [22] . The more general semidualizing complexes originated in special cases, e.g., in [6, 15, 20, 33] , with the general version premiering in [11] . The notion of G-dimension, summarized next, started with the work of Auslander and Bridger [1, 2] for modules. Foxby and Yassemi [36] recognized the connection with derived reflexivity, with the general situation given in [11] . 
with finite projective dimension. Then one has G C -dim R (P ) < ∞, by [11, (2.9) ]. Moreover, given another complex [17, (4.4) ]. In particular, in the case C = R, the conditions RHom R (RHom R (P, R), R) ≃ P ≃ 0 imply that RHom R (P, R) ≃ 0.
Auslander and Bass classes, defined next, arrived in special cases in [6, 15] , again with the general case described in [11] .
2.4.1. The Auslander class A C (R) contains all R-complexes of finite flat dimension, and the Bass class B C (R) contains all R-complexes of finite injective dimension, by [11, (4.4) ]. When R has a dualizing complex D, given an R-complex X ∈ D f b (R), one has G C -dim R (X) < ∞ if and only if X ∈ A RHomR(C,D) (R), by [11, (4.7) ]; this uses 2.2.1 and 2.3.1, which imply that RHom R (C, D) is semidualizing and
2.4.2. Let R → S be a flat local ring homormorphism. Given an S-complex X, one has X ∈ A C (R) if and only if X ∈ A S⊗ L R C (S), by [11, (5.3.a) ]. The proof of the following fact is modeled on that of [17, (4.4) ]. We include a proof for the sake of clarity.
The following conditions are equivalent:
Proof. We use the following two facts.
. Thus, we assume for the remainder of the proof of this
Next, it is straightforward to show that there is a commutative diagram 
Moreover, we have P ≃ P * * and P * ≃ 0 by 2.3.2. Furthermore, we have an isomorphism
The equivalence (i) ⇐⇒ (ii) shows that we have X ∈ A C (R) if and only if P * ⊗ L R X ∈ A C (R), i.e., if and only if RHom R (P, X) ∈ A C (R).
(b) This is proved like part (a).
The next result is proved like [24, (7. 3)]. We include a proof for completeness.
Proof. (a) Case 1: R has a dualizing complex D R . By 2.2.2, the ring S also has a dualizing complex, namely Apply − ⊗ R X and − ⊗ S X to obtain the following chain maps
Since R is flat over R and S is flat over S, this yields a sequence of morphisms
in D(R) and D( R), respectively. This yields the maps in the top row of the following commutative diagram:
The vertical isomorphisms are the natural ones, again using the flatness of R and S. The isomorphisms in the bottom row come from the fact that m H(X) = 0. It follows that the maps in the top row are isomorphisms. Thus, the morphisms in (2.6.1) are isomorphisms in D(R) and D( R), respectively. Now to complete the proof in Case 2. We have
Case 3: the general case. Let x = x 1 , . . . , x n ∈ R be a generating sequence for m, and consider the Koszul complex K := K R (x). Note that we have
This completes the proof of (a).
(b) This is the special case C = R of part (a).
The next result, essentially from [8, Theorem 5(ii)], is key for Theorem 4.8.
Lemma 2.7. Let I be an integrally closed ideal such that depth(R/I) = 0, and let M be a finitely generated R-module. If Tor
In particular, R/I is a pd-test module over R. Now, the fact that depth(R/I) = 0 implies that there is an element x ∈ R I such that xm ⊆ I. In other words, x ∈ (I : m) I, contradicting the above claim.
Proof. Assume that Tor
2.8. Let I be an integrally closed ideal of R. If one assumes that I is m-primary (stronger than the assumption depth(R/I) = 0 from Lemma 2.7) then one gets the following very strong conclusion. Given a finitely generated R-module M , if Tor R i (R/I, M ) = 0 for some i 1, then pd R (M ) < i, by [13, (3. 3)].
H-dim-Test Complexes
In this section, let C be a semidualizing R-complex.
We now introduce the main object of study for this paper. 
Let M be an R-module. A standard truncation argument shows that M is a H-dim-test module if and only if it is a H-dim-test complex; see [9, Proof of (3.2)].
3.3.
Examples of pd-test modules are given in 2.8 and Lemma 2.7. Note that this includes the standard example k = R/m. See also [10, Appendix A].
3.3.4.
Assume that R has a dualizing complex D. A natural candidate for a
. In particular, a natural candidate for a G-dim-test complex is D; see, e.g., Corollary 4.5.
However, D can fail to be a G-dim-test complex. Indeed, Jorgensen and Şega [25, (1.7)] construct an artinian local ring R with a finitely generated module L that satisfies Ext i R (L, R) = 0 for all i 1 and G-dim R (L) = ∞. Since R is local and artinian, it has a dualizing complex, namely D = E R (k) the injective hull of the residue field k. We claim that Tor 
The fact that D is faithfully injective implies that Tor We continue with a discussion of ascent and descent of test complexes. 
Moreover, we have the following isomorphisms in D(S): Note that the conditions on ϕ in the following three items hold for the natural maps from R to its completion R or to its henselization R h .
Remark 3.6. Let ϕ : R → S be a flat local ring homomorphism, and assume that the closed fibre S/mS is module-finite over k.
. Let x = x 1 , . . . , x n ∈ m be a generating sequence for m, and set
is finitely generated over S. Moreover, it is annihilated by (x)S = mS. Thus, it is a finitely generated S/mS-module; since S/mS is module finite over k, each H i (K ⊗ L S X) is finitely generated over k, so it is finitely generated over R. 
R). Assume that the closed fibre S/mS is Gorenstein and module-finite over
k. (a) The R-complex M is G C -dim-test if and only if S ⊗ L R M is G S⊗ L R C -dim-test over S. (b) The R-complex M is G-dim-test if and only if S ⊗ L R M is G-dim-test over S.
Proof. (a) One implication is covered by Theorem 3.5(a). For the reverse implication, assume that M is a G
. Let x = x 1 , . . . , x n ∈ m be a generating sequence for m, and set 
R). Assume that the natural map k → S/mS is a finite field extension. Then M is a pd-test complex over R if and only if S ⊗
Proof. One implication is covered by Theorem 3.5(c). For the reverse implication, assume that M is a pd-test complex over R.
. . , x n ∈ m be a generating sequence for m, and set 
, the desired conclusions follow from Theorems 3.7 and 3.8.
The next corollary answers Question 1.3(b). We are able to improve this result significantly in the next section; see Theorem 4.4 and the subsequent paragraph.
Proof. Corollary 3.9(c) says that M is a pd-test module for R, with G-dim R ( M ) < ∞ by 2.3.3. Using [9, (1. 3)], we conclude that R is Gorenstein, hence so is R.
We end this section by building a module that is G-dim-test but not pd-test; see Example 3.12.
Proposition 3.11. Let ϕ : (A, n, F ) → R be a flat local ring homomorphism, and
for any finitely generated R-module M , if
Tor (b) Corollary 3.9(a) shows that it suffices to show that N is a G R⊗ L R C -dim-test complex over R. Note that the induced map ϕ : A → R is flat and local with Gorenstein closed fibre R/nR. Also, there are isomorphisms in D( R):
Proof. First, note that we have
Thus, we may replace ϕ with the induced map ϕ to assume for the rest of the proof that A and R are complete. Let D A be a dualizing A-complex; see 2.2.1. Then the 
Notice that R is free over A, hence flat. Also, the natural map A → R is local with Gorenstein closed fibre R/nR ∼ = k[X]/(X 2 ); here, as in Proposition 3.11, we let n denote the maximal ideal of A. Since the assumptions of Proposition 3.11 are satisfied, the R-module
is Tor-rigid and G-dim-test over R. Furthermore, from [9, (4.1)], we know that N is not pd-test.
Since A is artinian and local, the injective hull
A is dualizing for R, by 2.2.2. We conclude by documenting some interesting properties of D R . Note that A has length 3 and type 2. From this, one readily constructs an exact sequence over A of the following form:
Since R is flat over A, we apply the base-change functor R ⊗ A − to this sequence to obtain the next exact sequence over R:
For any R-module M , the associate long exact in Tor Claim: D R is G-dim-test over R. To show this, let M be a finitely generated R-module such that Tor
Claim: D R is not pd-test over R. To show this, suppose by way of contradiction that D R is pd-test over R. We show that N is pd-test, contradicting [9, (4.1) ]. Let M be a finitely generated R-module such that Tor Claim: D R is not Tor-rigid over R. To this end, we follow a construction of [14, Chapter 3] to build an R-module L such that Tor shows that Ext
To make things concrete, if one uses the specific functions f 1 , f 2 suggested in the previous paragraph, then M has the following minimal free presentation over A
so L has the following minimal free presentation over R 
for all i 2. This completes the claim and the example.
Detecting the Dualizing and Gorenstein Properties
Our next result yields both Theorems 4.4 and 4.8 highlighted in the introduction. Note that condition (2) in this result does not assume a priori that R has a dualizing complex; however, the result shows that this condition implies that R has a dualizing complex.
Assume that one of the following conditions holds: (1) The ring R has a dualizing complex D, and
(1) Assume that R has a dualizing complex D, and G B † -dim R (C) < ∞. Set C † := RHom R (C, D) which is semidualizing by 2.2.1. Let x = x 1 , . . . , x n ∈ m be a generating sequence for m, and consider the Koszul complex
We note that X is in D f b (R). Indeed, the complex RHom R (K, C) is homologically finite since C is. The total homology module H(RHom R (K, C)) is annihilated by (x)R = m, so it is a finite dimensional vector space over k. By Matlis duality, the total homology module of RHom R (RHom R (K, C), E) is also a finite dimensional vector space over k, so we have 
Since M is a G B -dim-test complex, this implies that G B -dim R (X) < ∞. From [6, (4.1.7)] we conclude that X ∈ A B † (R), i.e., we have RHom R (RHom R (K, C), E) ∈ A B † (R) by (4.1.1). Since E is faithfully injective, it is straightforward to show that this implies that RHom R (K, C) ∈ B B † (R). By assumption, we have C ∈ D f b (R), so Lemma 2.5(b) shows that C ∈ B B † (R).
By assumption, we have G B † -dim R (C) < ∞, so [18, (1. 3)] implies that B † ∈ B C (R). We conclude from [18, (1.4) It follows that condition (1) is satisfied over R. Thus, the R-complex 
